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We describe interacting bosons at low temperature in spatially correlated random potentials. By
a Bogoliubov expansion around the deformed mean-field condensate, the fundamental Hamiltonian
for elementary excitations is derived, achieving an analytical formulation in the case of weak disor-
der. From this, we calculate the sound velocity and true zero-temperature condensate depletion in
correlated disorder and all dimensions.
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The interplay between interaction, quantum statistics,
and randomness defines one of the richest problems in
condensed matter physics: the dirty boson problem [1, 2].
Determining the ground state of a disordered Bose gas
is already a formidable task [3]; all the more desirable
is an analytical theory for the excitations of disordered
Bose-Einstein condensates (BECs). In presence of a well-
developed condensate, i.e. at low temperature and for
weak disorder, the most economic description, due to
Bogoliubov [4], treats quantum fluctuations around the
best mean-field approximation to the condensate. One
of the key quantities that such a theory should provide
is the experimentally measurable, disorder-renormalized
sound velocity, which characterizes the low-energy dis-
persion and enters all thermodynamic properties. In this
respect, existing theories for bosons in disorder are not
entirely satisfactory. While simple approaches cannot de-
termine a change in quasiparticle dispersion at all [5–7],
more elaborate calculations find a positive correction to
the sound velocity due to uncorrelated disorder [8–10].
Still others, in different settings and with different meth-
ods, report a negative correction [11–14]. Here, a unify-
ing framework is missing. On a more conceptual level, the
condensate deformation by disorder is often confounded
with the condensate depletion, i.e. the fraction of particles
not in the condensate at all. This quantum depletion is a
crucial quantity whose smallness validates Bogoliubov’s
approach; it contains all particles with non-zero momen-
tum [15] only if the condensate is homogeneous. If the
condensate is deformed, it has non-zero momentum com-
ponents on its own, already on the mean-field level [16].
Only these have been counted by previous approaches
[5–10]. For the true disorder-induced quantum depletion
there are, to our knowledge, only few numerical results
[17]. An analytical calculation of this pivotal quantity is
lacking so far.
With this Letter, we present a comprehensive Bogoli-
ubov theory for inhomogeneous Bose-Einstein conden-
sates that gives access to a wealth of relevant quantities,
including the full excitation dispersion with the renor-
malized speed of sound and the localization length of
elementary excitations [18, 19]. Notably, our formula-
tion encompasses the class of spatially correlated disorder
that is currently under study with ultracold gases [20–22].
By expanding the many-body Hamiltonian around the
deformed mean-field solution, we derive the fundamental
Bogoliubov Hamiltonian for excitations, verified to be or-
thogonal to the ground state. For weak disorder, a fully
analytical description is achieved. From this Hamilto-
nian, we calculate corrections to the sound velocity and
zero-temperature quantum depletion for correlated dis-
order in all dimensions.
STARTING LINE
Interacting bosons are described by
Eˆ =
∫
ddr Ψˆ†(r)
[
h(r) +
g
2
Ψˆ(r)†Ψˆ(r)
]
Ψˆ(r), (1)
with the grand-canonical single-particle Hamiltonian
h(r) = − ~
2
2m
∇2 + V (r)− µ (2)
and field operators that obey
[
Ψˆ(r), Ψˆ†(r′)
]
= δ(r − r′)
[15]. The global confining potential is assumed to be very
smooth, ideally a very large box, and V (r) describes lo-
cal spatial fluctuations. Repulsive interaction between
bosons is accounted for by g = 4pi~2as/m > 0 (in d = 3,
with s-wave scattering length as), an excellent approxi-
mation for cold and dilute gases, where the gas parameter
(na3s )
1/2 is small.
Below a critical temperature, the Bose gas forms a
BEC, i.e. a large fraction of particles condense into the
ground state of the single-particle density matrix. In the
absence of interaction, this is the ground state of the po-
tential V (r). Also interacting bosons condense, into a
mode whose shape results from the competition between
kinetic energy, confinement and interaction. Bogoliubov
theory [4] takes advantage of this macroscopic occupation
and splits the quantum field into a mean-field condensate
and quantized fluctuations: Ψˆ(r) = Φ(r) + δΨˆ(r).
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We first describe how a weak external potential de-
forms the condensate. By definition, the ground state
minimizes the energy (1) on the mean-field level and
thus obeys the stationary Gross-Pitaevskii (GP) equation
h(r)Φ(r)+gΦ(r)3 = 0 [15]. The condensate’s kinetic en-
ergy is minimized by choosing a fixed global phase, and
we can take Φ(r) real. The imprint of a weak potential
on the condensate amplitude can be computed perturba-
tively by expanding Φ(r) =
√
n+Φ(1)(r)+Φ(2)(r)+. . . in
powers of V around the homogeneous solution Φ(0) =
√
n
[11, 16]. In order to maintain a fixed average density
n, also the chemical potential is adjusted at each order,
µ = gn + µ(1) + µ(2) + . . . . We insert these expansions
into the GP equation, transform to momentum repre-
sentation, and collect orders up to V 2. The first-order
imprint then is
Φ(1)q = −
(1− δq0)Vq
2gn+ 0q
N1/2. (3)
This linear-response deformation is proportional to the
potential’s matrix element Vq = L
−d ∫ ddre−iq·rV (r).
In the denominator of eq. (3), the bare kinetic energy
0q = ~2q2/2m equals the interaction energy gn when q−1
equals the BEC healing length ξ = ~/
√
2mgn. Thus,
the condensate readily follows potential components with
qξ  1, but shows a strongly smoothed imprint when
qξ  1 [16]. Pushing the expansion to second order, we
find
Φ(2)q =
1
N1/2
∑
p
Φ
(1)
q−pΦ
(1)
p
(1− δq0)0p − gn
2gn+ 0q
. (4)
Eqs. (3) and (4) determine the disorder imprints also on
derived quantities like the density nk = L
−d∑
q Φk−qΦq.
FLUCTUATIONS
We expand the Hamiltonian (1) in powers of δΨˆ and
δΨˆ† around the condensate. The linear term vanishes,
because Φ(r) minimizes the energy functional. The rel-
evant contribution is then the quadratic part that can
be readily expressed in density-phase variables δΨˆ =
δnˆ(r)/2Φ(r) + iΦ(r)δϕˆ(r) [23]:
Hˆ =
∫
ddr
{
~2
2m
[(
∇ δnˆ
2Φ(r)
)2
+
[∇2Φ(r)]
4Φ3(r)
δnˆ2
+ Φ2(r)(∇δϕˆ)2
]
+
g
2
δnˆ2
}
. (5)
In a homogeneous system with Φ(r) =
√
n, it is advis-
able to transform to Fourier space and Bogoliubov exci-
tations
γˆk =
δnˆk
2ak
√
n
+ iak
√
n δϕˆk. (6)
These bosonic excitations obey [γˆk, γˆ
†
k′ ] = δkk′ . More-
over, by choosing ak = (
0
k/k)
1/2 the homogeneous
Hamiltonian becomes diagonal,
Hˆ(0) =
∑
k
kγˆ
†
kγˆk, (7)
with k = [
0
k(2gn+ 
0
k)]
1/2 the clean Bogoliubov disper-
sion relation [4]. Characteristically, low-energy excita-
tions (kξ  1) have the linear dispersion k = ~ck, with
sound velocity c =
√
gn/m.
In presence of disorder, two things change. First of all,
the reference point, from where the excitations originate,
is shifted to the inhomogeneous ground state Φ(r). But
still, eq. (6) is fit to define excitations with the proper
commutation relations. The density-phase representa-
tion (6) implies also that the fluctuation
δΨˆ(r) =
∑
k
[uk(r)γˆk − vk(r)∗γˆ†k] (8)
decomposes over excitations with modes
uk(r) =
1
2Ld/2
[
Φ(r)
ak
√
n
+
ak
√
n
Φ(r)
]
eik·r, (9)
vk(r) =
1
2Ld/2
[
Φ(r)
ak
√
n
− ak
√
n
Φ(r)
]
eik·r. (10)
For the clean system with Φ(r) =
√
n, these modes
reduce to plane waves with the well-known amplitudes
uk =
1
2 (a
−1
k + ak) and vk =
1
2 (a
−1
k − ak) such that
u2k − v2k = 1. In presence of disorder, the modes (9)
and (10) are defined such that they still satisfy the bi-
orthogonality∫
ddr [u∗k(r)uk′(r)− v∗k(r)vk′(r)] = δkk′ (11)
required for eigenmodes of the Bogoliubov Hamiltonian.
Moreover, the excitations are also orthogonal to the de-
formed ground state, because Φ(r) [uk(r)− vk(r)] is a
plane wave with zero average for all k 6= 0 [24, 25]. These
are crucial properties for the low-energy excitations of the
system to be well defined [26].
As a second difference to the homogeneous case, these
excitations now live on a deformed background. Both
differences can be accounted for by defining a single ef-
fective potential Vkk′ = (W YY W )kk′ that mediates scatter-
ing between the different components of the Bogoliubov-
Nambu pseudo spinor Γˆk = (γˆk, γˆ
†
−k)
t. From (5), we thus
arrive at the inhomogeneous Bogoliubov Hamiltonian
Hˆ =
1
2
∑
k
kΓˆ
†
kΓˆk +
1
2
∑
k,k′
Γˆ†kVkk′ Γˆk′ (12)
with the structure Hˆ = Hˆ(0) + Hˆ(V ). At this point,
the only approximation made is the neglect of third and
3fourth order terms in the fluctuations. In contrast, Hˆ(V )
is still exact in the disorder strength.
A perturbative, but fully analytical description is ob-
tained by expanding V = (W YY W ) = V(1) + V(2) + . . . to
lowest orders in the bare disorder with the help of eqs.
(3) and (4). The small parameter of this expansion is
v = V/gn  1. The first-order scattering amplitudes
W
(1)
kk′ = w
(1)
kk′Vk−k′ and Y
(1)
kk′ = y
(1)
kk′Vk−k′ are propor-
tional to Vk−k′ , as required by conservation of momen-
tum. All information about interaction and condensate
background is factorized into amplitude envelopes
w
(1)
kk′ =
akak′ξ
2(1− δkk′)
2 + ξ2(k′ − k)2
[
k2 + k′2 − k · k′ − k · k
′
a2ka
2
k′
]
,
y
(1)
kk′ =
akak′ξ
2(1− δkk′)
2 + ξ2(k′ − k)2
[
k2 + k′2 − k · k′ + k · k
′
a2ka
2
k′
]
.
(13)
Second-order scattering amplitudes are later only needed
for k = k′ because the disorder average restores transla-
tion invariance: W
(2)
kk = Y
(2)
kk =
∑
p w
(2)
kpVk−pVp−k, with
w
(2)
kp =
a2kξ
2
2gn
p2 + 3(k − p)2 + 3k2
[2 + (k − p)2ξ2]2 (1− δkp). (14)
This concludes our derivation of the inhomogeneous Bo-
goliubov Hamiltonian. From here, one can derive nu-
merous physical quantities for any given potential V (r).
For notational simplicity only, we assume in the follow-
ing that V (r) describes disorder that is homogeneous and
isotropic under the ensemble average, with V = 0 and
VqV−q′ = L−dδqq′V 2σdCd(qσ). (15)
The dimensionless function Cd(qσ) characterizes the po-
tential correlations persisting on the length scale σ; the
normalization is chosen such that in the thermodynamic
limit
∫
ddu
(2pi)d
Cd(u) = 1.
LOCALIZATION LENGTH
The Hamiltonian (12) is a random operator, varying
with each realization of the quenched disorder poten-
tial. Therefore, the Bogoliubov excitations in d = 1
are expected to be localized by the disorder [18, 19].
And indeed, we can calculate their localization length
as l−1loc = γ2k/2vg from the backscattering rate γ2k and
group velocity ~vg = ∂kk. To lowest order in the small
parameter v = V/gn  1, the backscattering rate de-
rived by Fermi’s Golden Rule from the Hamiltonian (12)
reads
γ2k = 2piρ(k)W
(1) 2
k(−k), (16)
where the density of states is ρ(k) = [pi~vg]−1. The re-
sulting l−1loc =
1
4v
2k2σC1(2kσ)/(1+k
2ξ2)2 agrees perfectly
with [18, 19]. Importantly, it is characteristic for sound
waves that localization is less pronounced at low energy.
Indeed, for kξ → 0 at a fixed correlation ratio ζ = σ/ξ of
order unity, the localization rate per wave length vanishes
like [klloc]
−1 ∼ v2kξ → 0. Consequently, the low-energy
properties of the interacting quantum gas are not affected
by localization. The underlying reason is that the disor-
der is screened by interaction [11]—contrary to the case
of noninteracting particles, where localization is stronger
at lower energy [27].
In higher dimensions, localization is even less pro-
nounced, with the localization length being exponentially
large compared to the mean free path, if not infinite.
Low-energy excitations are free to propagate over long
times and large distances. The main effect of disorder
then is to renormalize the excitation dispersion relation.
DISORDER-MODIFIED DISPERSION
The disorder-modified quasiparticle dispersion k =
k+∆k can be determined by applying standard Nambu-
Green perturbation theory [28] to the relevant Hamilto-
nian (12). Thanks to its perturbative structure Hˆ =
Hˆ(0) + Hˆ(V ), it is straightforward to calculate the self-
energy of the single-excitation Green function [26]. The
self-energy’s imaginary part provides the elastic scatter-
ing rate, which vanishes at low energy just like the local-
ization rate discussed above. From the self-energy’s real
part, we deduce the shift in the dispersion
∆k
k
= v2σd
∫
ddq
(2pi)d
zkqCd(qσ), (17)
with the kernel (P denotes the principal value)
zkq =
g2n2
k
[
P
[w
(1)
k(k+q)]
2
k − k+q −
[y
(1)
k(k+q)]
2
k + k+q
+ w
(2)
k(k+q)
]
.
(18)
Together with expressions (13) and (14), eq. (17) allows
calculating the dispersion of Bogoliubov excitations in
weak, but arbitrarily correlated disorder.
In the hydrodynamic limit ξ → 0, where the healing
length is shorter than both correlation length σ and wave-
length 2pi/k, eq. (18) simplifies considerably, and eq. (17)
reproduces eq. (28) of Ref.[14]. In this regime, the exci-
tation energy is reduced in all dimensions and for any
value of kσ. For low energies kσ → 0 and smooth poten-
tials σ  ξ, the sound-velocity shift ∆c/c = −v2/(2d) is
independent of the correlation details.
We now change the point of view by taking the limit
k → 0, with an arbitrary correlation ratio ζ = σ/ξ. In
particular, this allows us to reach the case of δ-correlated
disorder where σ  ξ, k−1. The kernel (18) simplifies to
z0q = 2
q2ξ2 − (2 + q2ξ2) cos2 β
(2 + q2ξ2)3
, β = ](k, q). (19)
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FIG. 1. (Color online) Sound-velocity correction, computed
from (17) and (19), due to Gaussian correlated disorder,
eq. (20), with variance v2 := V 2/(gn)2  1 as function of
correlation ratio ζ = σ/ξ. For most values, the sound veloc-
ity is reduced. Dashed and dotted: universal limits for very
smooth (ζ  1) and δ-correlated disorder (ζ  1) respec-
tively, as collected in Tab. I. Inset: same data around the
origin, showing the rapid departure from the leading-order
estimate in d = 3 [8–10].
∆c/cv2 d = 1 d = 2 d = 3
ζ  1 − 1
2
− 1
4
− 1
6
ζ  1 − 3C1(0)ζ
16
√
2
0 + 5C3(0)ζ
3
48
√
2pi
TABLE I. Universal limits of the speed-of-sound correction,
computed from (17) and (19), for very smooth disorder (ζ 
1) and δ-correlated disorder (ζ  1). See also footnote .
Fig. 1 shows the disorder correction (17) to the speed of
sound, resulting from kernel (19) and a generic Gaussian
pair correlation
Cd(qσ) = (2pi)
d/2 exp{−q2σ2/2}. (20)
The plotted curves can be expressed in closed form, but
the details depend on the specific correlator and are not
of general interest. In contrast, one finds universal be-
havior for very small or very large ζ. The limit ζ →∞ of
a very smooth potential coincides, as it should, with the
hydrodynamic limit ∆c/c = −v2/(2d). In the opposite
limit ζ → 0 of δ-correlated disorder, the correlator Cd(0)
can be pulled out of the integral (17), which becomes el-
ementary. The correction then scales as ζd, as shown in
Fig. 1, with prefactors that are collected in Tab. I. [29]
Notably, we corroborate the known result for δ-correlated
disorder in d = 3 [8–10], the only case with a positive cor-
rection. But our theory reveals that this estimate is of
limited use because already a small correlation makes a
large difference, as shown by the inset of Fig. 1.
CONDENSATE DEPLETION
Finally, we investigate the condensate depletion prop-
erly speaking, namely the density of particles out of the
mean-field condensate, δn := L−d
∫
ddr
〈
δΨˆ(r)†δΨˆ(r)
〉
.
Inserting (8) and rearranging terms, we find that the de-
pletion density can be written
δn =
1
4nLd
∑
k,k′
{[
akak′ nˇk′−k +
nk′−k
akak′
] 〈
γˆkγˆ
†
k′ + γˆ
†
k′ γˆk
〉
+
[
akak′ nˇk′−k − nk
′−k
akak′
] 〈
γˆkγˆ−k′ + γˆ
†
k′ γˆ
†
−k
〉− 2δkk′} .
(21)
In principle, this expression is correct to all orders in
V . One only requires the Fourier components nk :=
[Φ(r)2]k = L
−d∑
q Φk−qΦq of the deformed mean-field
condensate density, as well as the Fourier components of
its inverse, nˇk := n
2[Φ(r)−2]k. Up to order V 2, they fol-
low from the smoothing-theory results (3) and (4). One
also has to compute the Bogoliubov expectation values to
the desired order. With the inhomogeneous Bogoliubov
Hamiltonian (12) at hand, this is again a standard task
in perturbation theory using the Nambu formalism [28].
Let us first check the homogeneous case V = 0. Then,
(21) shrinks to δn(0) = 14
∫
ddk
(2pi)d
[
ak − a−1k
]2
, a well-
known result [15]. In d = 3, this evaluates to a deple-
tion density δn(0) = [6
√
2pi2ξ3]−1 or equivalently to the
relative depletion δn(0)/n = 8(na3s)
1/2/3
√
pi. In d = 2,
one finds δn(0) = [8piξ2]−1. The d = 1 integral is in-
frared divergent, consistent with the fact that zero-point
fluctuations prevent homogeneous 1D BECs. Cutting
off the integral at some value α = ξkIR  1, with
kIR of the order of the inverse system size, one finds
δn(0) = (2 ln 2− 2− lnα)/(2√2piξ), up to order α.
Now we evaluate the disorder-induced depletion by ex-
panding all contributions to (21) to second order in V .
Upon taking the ensemble average, terms of order V av-
erage to zero, and δn = δn(0)+δn(2)+O(v3). Each of the
second-order terms is proportional to the correlator (15),
and we can collect all contributions into a single kernel:
δn(2) = v2δn(0)
∫
ddq
(2pi)d
σdCd(qσ)Gd(qξ). (22)
Details of this derivation will be given elsewhere [30].
Here we note that the relative depletion in units of v2,
∆(ζ) = δn(2)/v2δn(0) is only function of ζ = σ/ξ. [31]
This quantity is plotted in Fig. 2. As for the sound ve-
locity correction, details depend on the specific correla-
tion. In the δ-correlated limit ζ → 0, Fig. 2 shows the
generic scaling ∆(ζ) = βdζ
dCd(0) with numerical coef-
ficients β1 ≈ 0.235 (weakly dependent on the cutoff α),
β2 ≈ 0.135, β3 ≈ 0.160. In the limit ζ → ∞ of a very
smooth potential, we find ∆→ Gd(0) with G3(0) = 3/8,
G2(0) = 0, and G1(0) = −1/8. In all cases but the last,
50.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
0.0
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0.4 d = 3
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∆(ζ)
FIG. 2. Disorder-induced condensate depletion (22), rela-
tive to the clean value and in units of disorder strength v2,
as function of the correlation ratio ζ = σ/ξ for the Gaus-
sian correlation (20). Dashed and dotted: universal limits as
collected in Tab. II.
∆(ζ) d = 1 d = 2 d = 3
ζ  1 − 1
8
0 3
8
ζ  1 β1C1(0)ζ β2C2(0)ζ2 β3C3(0)ζ3
TABLE II. Universal limits of the disorder-induced conden-
sate depletion, relative to the clean value and in units of v2
as plotted in Fig. 2, for very smooth disorder (ζ  1) and
δ-correlated disorder (ζ  1). For the latter case, the numer-
ical coefficients are β1 ≈ 0.235 (for α = 0.01), β2 ≈ 0.135,
β3 ≈ 0.160.
the condensate depletion due to disorder is positive, as
expected. As shown in Fig. 2, also in d = 1 the depletion
is positive for most values of ζ. The curve only crosses
over to negative values for such a large value ζ = σ/ξ
depending on the cutoff α, that the correlation length σ
has to be comparable to the system size, which is not the
regime of present interest.
In all cases, the combined depletion due to interaction
and disorder reads δn = δn(0)[1 + v2∆(ζ)], with ∆(ζ) at
most of the order of unity. Clearly, the fractional deple-
tion induced by the disorder, δn(2)/n = (δn(0)/n)v2∆(ζ)
is a factor δn(0)/n 1 smaller than the mean-field con-
densate deformation, which is of order v2. In hindsight,
this result is rather plausible: the primary effect of the
external disorder potential is merely to deform the con-
densate. The depletion of the condensate itself is a sec-
ondary scattering effect, mediated by the weak repulsive
boson interaction, and therefore considerably weaker.
In conclusion, we report substantial progress in the
analytical description of interacting, condensed bosons
in correlated disorder of any dimensionality. We de-
rive the fundamental Bogoliubov Hamiltonian for exci-
tations. This determines a wealth of (thermo-)dynamic
quantities, out of which we calculate the sound velocity
in all dimensions. Moreover, we calculate the disorder-
induced quantum depletion, which proves to be much
smaller than the previously known mean-field conden-
sate deformation. We conclude that our theory should
fare very well in describing the excitations of disordered
interacting bosons, especially in dilute cold gases, where
the study of well-controlled disorder in earnest has just
begun [20–22].
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